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NONPARAMETRIC  LIFE  TEST  SAMPLING  PLANS 


1.  Introduction 

Seunpllng  plans  for  truncated  life  teats  based  on  several  parametric 
families  of  dlstrlbutloc  functions  have  been  proposed  by  Sobel  and 
Tischendorf  (1959),  Gupta  and  Groll  (I96I)  and  Gupta  (1962®)*  Thus, 
we  have  the  problem  of  which  family  to  choose;  l.e.,  exponential, 
normal,  lognormal,  gamma,  etc.  In  many  cases  It  Is  assumed  that  certain 
nuisance  parameters  are  known.  Unless  considerable  prior  Information  Is 
available,  the  choice  will  necessarily  be  scmewhat  arbitrary.  We  can 
circumvent  ^hls  problem  by  considering  a  class  of  distributions  restricted 
only  by  certain  Intuitive  considerations.  If  the  Items  In  question  wear 
out  with  age,  then  It  Is  reasonable  to  assume  that  the  failure  rate 
function  Is  nondecreasing.  For  other  Items  such  as  solid  state  electronic 
devices.  It  seems  reasonable  to  assume  that  the  failure  rate  function 
Is  nonlncreaslng.  By  using  sharp  bovmds  on  such  distributions,  we 
can  obtain  sampling  plans  which,  although  more  conservative  than  the 
parametric  pleuis,  offer  greater  protection  since  they  are  valid  for  a 
much  larger  family  of  distributions. 

It  has  been  suggested  by  Zelen  ar.a  Dannemlller  (1959)  that  sainpllng 
plans  should  be  written  In  terms  of  percentiles.  Such  plems  were  presented 
by  Gupta  and  Groll  (I96I)  and  Gupta  (196ea)for  the  gamma,  normal  and  log¬ 
normal  distributions.  We  present  plans  based  on  percentiles  under  the 
Increasing  (decreasing)  failure  rate  assumption  as  well  as  plans  based 
on  the  mean  life.  A  peirtlal  discussion  of  these  plans  was  also  pre¬ 
sented  by  Gupta  (1962b). 


2.  Properties  of  Increasing  (Decreasing)  Failure  Rate  Distributions. 


Let  X  be  a  random  variable  with  distribution  F  such  that 
F(x)  ■  0  for  X  <  0  .  If  F  has  density  f  then  r(t)  = 
f(t)/[l  -  F(t)]  is  knovm  as  the  failure  rate  function.  Note  that 
r(t)  ■  "  ^  log  [1  ”  F(t)]  when  a  density  exists.  For  this  reason, 
we  say  that  F  is  IFR  (DFR)  for  increasing  (decreasing)  failure 
rate  if  log  [1  -  F(t)]  is  concave  where  finite  (convex  on  [0  ,  oo)). 

These  distributions  have  been  studied  by  Barlow,  Marshall,  and  Proschan 
(1965)  and  Barlow  and  Marshall  (1964).  For  convenience  we  sumnarize 
some  of  the  fundamental  properties  of  these  distributions. 

An  IFR  (DFR)  distribution  may  have  at  most  one  point  of  dis¬ 
continuity;  namely,  at  the  end  of  its  right  (left)  hand  interval  of 
support.  The  continuous  part  of  &a  IFR  (DFR)  distribution  is 
absolutely  continuous.  Sums  of  lidqpendent  IFR  random  variables  themselves  have 
IFR  distributions.  This  is  not  true  for  DFR  random  variables.  If 
F  is  a  mixture  of  DFR  distributions,  then  it  follows  that  F  is  DFR. 

Many  of  the  properties  of  the  IFR  (DFR)  family  follow  from  con5>ari8on 
with  the  exponential  distribution.  This  is  not  surprising  since  it  is 
the  boimdary  distribution  between  the  two  classes.  If  ^  Ug  ^  . . . 

are  the  order  statistics  from  an  IFR  (DFR)  distribution  F  with  mean 

n 

m  then,  E[U,  ]  >  while  ECU  ]  <  n,  2  i  . 

^  ^  {<J~  "  (^)  ^  1  “ 

To  obtain  sampling  plans  based  on  percentiles  we  use  the  fact 

T  /-t 

that  [1  -  F(t)]'^'  is  decreasing  (increasing)  in  t  when  F  is 

IFR  (DFR).  Let  denote  the  r  moment  of  F  .  To  obtain  sampling 

plans  based  on  bounds  on  moments  we  use  the  inequalities  for  IFR  dis¬ 
tributions.  Now  we  describe  the  relevant  InequeQlties. 
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If  F  Is  DFR,  with  r  OKiient  , 


then 


exp  (  -  t/>y^]  ,  t  ^  rxj;/* 


(2.3)  1  -  F(t)  ^  < 


r  -r 
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From  these  bounds  ve  can  obtain  the  following  bound  on  the  q 


th 


-1 


quantile  ^  In  terns  of  assuzolng  F  Is  IFR.  If  q  ^  1  -  e  , 


then 
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when 


t  -  log  (1  -  i  C,  $  t  ; 


if  q  ^  1  -  e 


-1 


1  c,  ^  t  -  • 


From  the  fact  that  la  decreaelng  (increasing  In  r 

r 

F  Is  IFR  (DFR)  we  see  that  the  coefficient  of  variation  a/p,,  <  1  . 
The  density  and  the  failure  rate  are  bounded  at  the  origin  from  above 
In  terms  of  moments  as  foJJLovs: 


f(0)  ^ 

\+J-l 


1  ^  J  B  1^  2,  ... 


when  F  Is  IFR. 

Bounds  on  densities  and  failure  rates  were  obtained  by  Barlow 
and  Marshall  [1964] .  If  F  Is  IFR  auid  r  ^  1  then 

f(t*)  ^  r(t*)  ^  ,  0  ^  t  <  ny*" 

M  '  -  t 


and 


,0  ,  t  ^ 

l/r 

'"a  ,  t  >  IX  / 


when  a  satisfies  p. 


r^r  -  X 
.  »  r  /  X  ( 
r  Jn 


-ax, 
e  dx 


If  F  Is  DFR  with  density  f  ,  tlien 
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(te) 


-1 


l/r 


f(^’)  ^  <1  ,  ^y**  ^  t  ^  (r  + 


1?4*X 

yJL^)  .-(r+l)  ,  t^r  +  D)^/’' 


Finally,  ve  mention  that  maximum  likelihood  estimates  of  I7R  (DPR) 
distributions  have  been  obtained  by  Grenander  (19^6)  euid  Marshall  euid 
Pros  chan  (1964). 
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3.  Nonparametrlc  Sampling  Plana 


Let  0  denote  a  parameter  defined  by  a  life  distribution  F  . 

For  exaa^le,  0  might  denote  the  mean  life  or  the  90  percentile. 

We  would  like  to  establish  that,  say  0^0^  where  Is  some 

specified  value.  A  connon  practice,  In  life  testing  is  to  truncate 

the  experiment  at  a  preassigned  time,  say  t  ,  and  note  the  number  of 

failures  (assuming  that  a  failure  Is  well-defined).  One  object  of  these 

experiments  is  to  set  a  confidence  (Icwer)  limit  on  the  mean  (quantile)  life  of  the 

units.  If  It  Is  desired  to  establish  a  mean (qaantlle) life ,  with  a  given  proba- 

billty  of  at  least  P  and  if  the  number  of  failures  In  the  fixed  time 

does  not  exceed  a  given  number  c  ,  then  the  experimenter  would  like  to 

know  the  minimum  sample  size  necessary  to  achieve  his  objective.  In 

following  these  sampling  plans  and  the  cssoclated  decision  rule  the 

probability  of  rejecting  a  lot  having  a  parameter  0  ^  ©0  is  at  least 

equal  to  F  .  Alternatively,  the  consumer's  risk  In  adopting  the  sampling 

plan  (n  ,  c  ,  t  ,  0^)  does  not  exceed  1  -  P  whatever  0  may  be. 

Mathematically,  given  a  number  P  (0  ^  P  ^  1)  ,  a  time  t  and  a  value 

Oq  of  0  and  an  acceptance  number  c  ,  we  weuat  to  find  the  smallest 

positive  Integer  n  so  that  If  the  obseirved  number  of  failures  In  time 

* 

t  does  not  exceed  c  we  can  assert  with  confidence  probability  P 
that  ©  ^  ©Q  • 


It  should  be  pointed  out  that  these  life  tests  ran  be  terminated 
prior  to  the  time  t  with  rejection  as  the  resvilt.  In  fact,  the  ter¬ 
mination  of  the  experiment  can  take  place  at  the  smaller  of  the  two 

s  t 

times  t  ,  "^(c+l)  ^(c+l)  ^  ^  failure. 

Also,  the  associated  decision  rule  leads  to  an  acceptance  only  at  the 
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end  of  time  t  and  only  if  •  Hence, 

L(p)  =  P(Acceptance)  =  ^ 

(5-1)  =  (c  -  F(t;8r=-^dF(1,i«) 

C 

Z.iix  ^i/,  xn-i 

4)  ?  (1  -  ?) 

1«0 

where  p  =  F(t;G)  . 

If  p  is  a  decreacing  function  of  G  which  is  true,  for  instance, 
if  the  density  f't;G)  is  Totally  positive  of  order  2)  in  t  and 
G  ,  then  F(t;G)  ^  F^t^G^)  <— >  0  ^  G^  .  If  Pq  =  F(t;GQ)  ,  then  it 
is  clear  froo  the  theory  of  confidence  intervals  that  the  smallest  n 
to  satisfy 

c 

(5.2)  I  -p* 

1=0 

is  such  that  in  adopting  the  above  sampling  plans  with  the  associated 

# 

decision  rule,  we  can  assert  with  probability  P  that  ®  ^  ®q  provided 
^=.1)  >  ^  ■ 

It  should  be  noted  that  the  above  discussion  assumes  a  knowledge 
of  F(t;G)  .  Now,  we  consider  the  case  where  F(t;G)  is  not  explicitly 
assumed;  it  is  only  assumed  that  we  have  bovinds  on  F(t;G)  . 

Suppose  that  p  =  F(t;G)  ^  b(t;G)  for  t  ^  0  where  b(t;0)  is 
a  known  function.  Suppose  further  that  b(t;G)  is  decreasing  in  G  . 
Since  L(p)  Is  a  decreasing  function  of  p  ,  we  have 
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(3.5) 


L(F(t;©))  L(b(t;©))  ^  L(b(t;©Q)) 


for  ®  ^  Oq  •  Hence  the  sainpling  plans  of  the  above  type  are  obtained 
by  choosing  the  smallest  positive  integer  n  satisfying 

(3.4)  L(b(t;©Q))  ^  1  -  P* 

where  c  ,  ©^  and  t  are  fixed. 

From  (3.3)  and  (3.4)  it  follows  that  if  the  number  of  failures 

during  time  t  is  less  than  or  equal  to  c  ,  then  we  can  make  the 

* 

confidence  statement  that  ©  ^  Oq  with  confidence  probability  P  . 

Note  that  if  b(t;©)  is  a  sharp  bound  on  F(t;©)  ,  then  it  is 
nondecreasing  in  t  since  F(t;©)  is  nondecreasing  in  t  .  If  © 
is  the  mean,  then  b(t;©)  =  b(t/©;l)  since  the  mean  is  a  scale  parameter 
for  positive  random  variables  and  b(t;©)  is  decreasing  in  ©  . 

Now  we  give  a  few  examples  where  the  bound  b(t;©)  is  known. 

Example  1.  (Markov's  inequality).  Let  ©  denote  the  mean.  Then 

0  ,  t  <  © 

F(t;©)  ^  b(t;©)  =  \ 

1  -  ©/t  ,  t  ^  © 

is  true  for  nonnegative  random  variables.  Clearly,  b(t;©)  is  de¬ 
creasing  in  0  .  A  sampling  plan  based  on  Markov's  Inequality  would 
afford  protection  over  the  class  of  all  distributions  on  the  positive 
axis.  However,  the  bound  is  quite  wide. 
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Example  2.  (Unlmodal  density) 


If  the  density  f  Is  unlmodal  with  unkncvn  mode  and  first  moment 
©  and  If  F(0-;Q)  »  0  ,  then  from  Barlow  and  Marshall  (I965),  we  have 


o^t^e 


F(t;©)  ^  b(t;0)  -  <2-^  , 


Clearly,  b(t;0)  Is  decreasing  In  0  and  the  bound  Is  a  slight 
Improvement  over  Example  1. 

Example  3«  (PF^  density). 

If  log  f(t;0)  Is  concave  where  f(t;©)  >  0  ,  then  f  Is  called 
a  PF2(P6lya  Frequency  of  Order  2)  density.  Most  of  the  coomonly  used 
densities  have  this  property.  If  f  has  mean  0  ,  then 


F(t;©)  ^  b(t;0) 


^  1  -  Bup  (1  -  e'*’'^)/(l  -  «■'"“)  ,  t  ^  9  , 
n^t 


where  b  Is  determined  by  ©  ■  /  xbe  ^*dx/(l  -  e"^®)  . 

^  0 

The  above  bound  Is  tabulated  In  a  paper  by  Barlow  euid  Marshall  (1963). 
A  sampling  plan  based  on  this  bound  would  eifford  less  protection  than 
the  IFR  sampling  plans  since  f  FF2  implies  that  F  Is  IFR  but  not 
conversely. 
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Plana  for  the  IFR  and  DFR  Distributions 


Now  we  discuss  the  derivation  of  sampling  plans  for  the  IFR  and 


DFR  distributions  for  the  following  two  cases; 


IFR  Distributions 


Case  (i)  0  = 

In  this  case,  from  (2.2),  we  have 


>  t  ^  H 


(3.5) 


*■  1  -  e  ,  t  >  n 


where  w  uniquely  satisfies 


(3.6) 


I  r-1  -wx, 
p.  =  r  /  X  e  dx  . 
r  J  n 


Clearly  b(tj|i^)  is  a  decreasing  function  of  |i^  .  Hence  the  required 

n  to  insure  u.  >4*^  is  given  by  the  smallest  positive  integer  which 
r  r 

satisfies 


(3.7)  ^  (j)  l?/tj4^))‘^(l  - 


It  should  be  noted  that  the  solution  of  (3-7)  depends  on  the  fact  that 
r  0 

t  >  .  Of  special  importance  is  the  case  where  r  =  1  .  In  this 

case  (3.6)  reduces  to 


(3.8)  ^  -  e‘ 
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Hence,  using  (3*3)  to  solve  for  v  and  then  using  (3.7)  with 
b(t;|i^)  ■  b(t/p,^;l)  ■  1  -  e”'^  ,  sampling  plans  to  Insure  a  specified 
mean  life  have  been  computed  and  are  given  In  Table  1.  This  table 
also  gives  the  actual  confidence  level  attained. 

Case  (11)  0  ■  ,  tL  >  percentile. 

In  this  case 


(5.9) 


(1  -  q)  “ 


t<  C, 


f 


which  Is  again  decreasing  In  and  clearly  depends  only  on  q  and 
the  ratio  t/^^  .  Hence,  to  Insure  a  specified  quantile  life  , 
we  substitute  from  (3.9)  the  value  of  b(t;^^)  In  the  general  equation 
(3.4)  and  solve  for  the  siaallest  n  .  Table  II  at  the  end  of  this 
paper  gives  minimum  sample  sizes  for  the  life  testing  situation  where 


t>c 


DFR  Distributions 
Case  (1)  0  ■  |jL^  . 

In  this  case,  letting  ■  p,^r(r  +  1)  ,  we  have 


.Vr 


(3.10)  b(t 


1  -  e-VV 
1  e  7 

'^r^  "  L  1  ^-v  ^  4.  V. 

1  -  r  V (et)  ,  t  >  r\J 


and  one  cein  construct  sampling  plans  for  the  cases  where  t  <  r  (a  ) 

0 

and  t  ^  r(>^)  .  For  the  special,  case  r  ■  1  ,  emd  t  <  ,  it  is 
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easy  to  check  that  the  sampling  plans  based  on  the  bounds  in  (3. 10) 
reduce  to  the  sampling  plans  for  the  negative  exponential  with 

Tlschendorf  (1959)  for  t  <  U? 

1  J. 

Case  (11)  0  =  C  • 


These  tables  have  already  been  given  by  Sobel  and 


In  this  case  the  bound  Is 


(5.11)  b(t;C  )  =  I 


1  -  (1  -  q)  ^ 


0 


To  use  the  jpomtrlvJLAi ‘'bound,  we  require  t  ^  .  The  sampling  plans 

are  obtained  as  in  case  (11 )  of  IFR  distributions  discussed  above. 


Table  III  at  the  end  of  this  paper  gives  these  sampling  plans  for 

X  =  t/c°  i  1  . 


OC  Function  and  the  Producer's  Risk 

The  OC  function  represents  the  probability  of  acceptance  as  a 

function  of  0  .  The  sampling  plans  and  the  decision  rule  guarantee 

* 

that  this  probability  is  less  than  or  equal  to  1  -  P  for  all  0  ^  0^  . 

Suppose  there  exists  a  function  B(t;0)  such  that  F(t;0)  ^  B(t:0) 
for  all  t  and  all  Q  ,  then  we  have 


(3.12)  P(Acceptance)  ^  L(B(t;0))  . 


In  order  to  insure  that  the  producer's  risk  will  not  exceed  a 
number  a  (0  <  a  <  1),  whenever  ©  ^  ^  one  needs  to  satisfy  the 
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inequality 


(5.15)  L(3(t;0))  ^  ^  1  -  a 

which  will  be  satisfied  if  B(t;0)  Is  decreasing  in  0  .  One  may 

use  the  inequality  (3.I3)  to  determine  c  such  that  for  fixed  , 
* 

and  P  ,  the  sampling  plan  and  the  acceptance  rule  will  Insure 

that  the  producer's  risk  will  not  exceed  a  .  Alternatively  for 

* 

fixed  n  ,  t  ,  ©^  ,  c  and  P  ,  one  may  want  to  knew  the  minimum 
value  ©j^  of  0  such  that  for  all  0  >  ©^^  ,  the  probability  of 
acceptance  ^  1  -  a  . 

New  we  describe  the  evaluation  of  the  OC  function  for  the  IFR 
and  IFR  distributions. 

ITR  Distributions 

Case  (i)  ©  « 


(3.14)  B(t;a  ) 


1  ,  t  > 


1  r 

Thus,  for  Pj.  >  JjLj.  ^  t  ,  we  have 


(3.15)  L(F(t;n^))  ^  L(B(tjp^))  ^  L(B(t;p^)) 


which  gives  a  Icwer  bound  on  the  OC  function.  This  bound  is  graphed 
below. 
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I 


fli!* 


Case  (li)  0  =  C 
In  this  case 


(3.16) 


1  -  (1  - 


VC 
q)  ^ 


^  ^  c 

t  ^  C 


and  the  lower  and  upper  bounds  can  be  obtained  similarly  by  using 
b(t;^^)  and  B(t;^^)  in  the  appropriate  intervals. 

Finally,  it  should  be  noted  that  sampling  plans  which  protect 
the  producer  can  be  constructed  for  test  time  less  than  the  goal 
using  the  bound  B(t;0)  in  the  IFR  case. 

It  is  clear  from  the  bounds  on  (X  functions  for  the  IFR  case 
that  we  have  to  test  beyond  the  mean  (quantile)  life  goal  to  protect 
the  consumer  whereas  we  can  protect  the  producer  by  testing  for  a 
time  less  than  the  mean  (quantile)  life  goal. 

DFR  Distributions 

Case  (i)  0  =  M-j. 

In  this  case  there  is  no  nontrivial  lower  bound  for  the  OC 
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function  L  since  there  Is  no  nontrivial  upper  bound  on  F  .  Hovever, 
there  exists  a  nontrivial  upper  bound  on  the  L  function  both  for 
<  t  and  ^  t  .  This  lower  bound  is  obtained  by  using  (5.10) 
in  place  of  F  in  the  L  function. 

Case  (li)  ©  =  C 

Using  the  upper  bound 


(J.17)  B(tiC  )  =  -i  t/C 

“  ^  1  -  (1  -  4)  « 


one  can  construct  a  lower  bound  on  L  for  all  t  . 

Description  of  the  Tables  and  Some  Illustrative  Examples 

Table  I.  This  table  gives  the  sample  sizes  necessary  to  establish 

that  the  true  unknown  mean  p.  of  an  IFR  distribution  is  at  least 

0  * 

p.  at  a  nominal  confidence  level  F  .  The  actual  level  attained 

is  also  tabulated. 


Illustration  1.  Suppose  ein  experimenter  wants  to  choose  the  sample 

*  /  0  ^ 

size  corresponding  to  c=2,P  t/p,  ■  1.6  ,  then  this 

required  n  from  Table  1  is  equal  to  5*  For  this  sampling  plan  the 
actual  probability  level  is  eqiJied.  to  .7525* 


Table  II.  This  table  gives  the  sample  sizes  necessary  to  establish 

th 

that  the  true  unknown  q  quantitle  of  an  IFR  distribution  is  at 

0  * 
least  c  at  a  nominal  confidence  level  P  .  The  actual  level 

attained  is  also  tabulated. 


Illustration  2.  Assvunlng  sin  IFR  distribution  and  given  c  »  2  , 


-15- 


P  -  .75  ,  ^  =  VCq  =  1*6  ,  q  =  .2  ,  we  find  from  Table  II  that  the 
required  minimum  sample  size  Is  I3.  For  this  sampling  plan  the  actual 
probability  attained  If  the  decision  rule  accepts  Is  equal  to  .7961* 


Application  to  Drug  Screening 

Suppose  a  drug  which  is  known  to  be  non-toxic  is  administered 
to  patients  suffering  from  a  specified  cancer  to  determine  its  effective¬ 
ness.  The  drug  will  be  considered  effective  if,  say  20^  of  the  patients 
respond  to  treatment  after  T  weeks  (T  =  6,  say).  The  treatment  will 
continue  t  weeks  (t  =  12,  say)  unless  more  tiian  c  patients  respond 
before  this  tlme--ln  which  case  the  drug  will  be  declared  effective  at 
the  end  of  the  t^^^^  weeks.  liSt  F(t)  denote  the  probability  of  a 
response  by  time  t  and  F(T)  =  p  .  Since  we  do  not  want  to  discard 
a  potentially  useful  drug,  we  set 

c 

P(rejecting  drug  |p^  .20]  -  ^  ( " ) [FCt)]*^ [1  -  F(t)]’^"'^  . 

J=0 


Now  F(T)  ^  .20  if  and  only  if  ^  ^  where  ^  Is  the  20th 


‘.20 


fl 

[t: 

) 

1  -  F( 

increasing  in  t  ,  then  this  problem  is  identical  with  case  (ii) 
considered  under  IFR  sampling  plans. 


Illustration,  we  want  to  determine  the  number  of  patients  to  put  on 

trial  to  establish  with  90  per  cent  confidence  that,  F(T)  ^  .20;  l.e., 

the  response  rate  after  T  weeks  is  at  least  20  per  cent.  If  ^  =  2  , 

* 

c  =  5  ,  Q  =  .20  and  P  =  .90  ,  we  find  from  Table  II  that  n  =  I7 
and  the  true  confidence  level  is  .91. 
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Table  III.  This  table  gives  the  sample  sizes  necessary  to  establish  that 


the  true  unknown  quantile  of  a  DFR  distribution  Is  at  least  ^ 

*  /  0 

at  a  nominal  confidence  level  F  .  Here  >y  «  Vsq  ^  ^  •  Also,  the 
actml  confidence  attained  Is  tabulated. 


0 

<1 


Approximations  for  Sample  Sizes 

The  sample  sizes  necessary  to  establish  a  quantile  for  the  IFR  and 
DFR  distributions  can  be  approximated  as  follovs.  If  1  -  (1  -  q)^  Is 
small,  then 


(3.18) 


1  -  (1  -  4)’' 


where  p*  Is  the  P  percentage  point  at  a  standardized  gansaa 

« 

variable  with  shape  parameter  r  -  c  1  or  one -half  times  the  P  per- 
centage  point  of  a  x  with  (2c  +  2)  degrees  of  freedom.  This  approxi¬ 
mation  was  discussed  by  Gupta  (1962a)  where  tables  of  y^^^  p*  sure  also 


given. 


If  pal-q  Is  close  to  then  another  approximation  for  n 


Is 


(3.19) 


n  • 


r  (2c  +  1  +  pz^*)(l  +  7  1  -  (2c  +  l)^/(2c  +  1  +  pssp*)^) 

2(1  -  p) 


■]. 


where  Zp*  is  the  P*  percentage  point  of  the  N  (0  ,  l)  random  varla- 
, ,  * 

ble.  For  example.  If  q=.l,X»l,c«l,P  ■  .75,  then  y  ,  p*  = 
2.6926  euid  from  (3.I8)  ,  n  -  27  .  The  exact  answer  from  Table  II  Is  27. 
As  an  example  of  the  second  approximation,  let  >v«l,p»l-q«  .5  , 
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*  /  \ 

P  ■  .75  #  c  «  2  ,  then  the  approximate  answer  from  (5*  19)  Is  7  which 

coincides  with  the  exact  value. 

Ackncwledgnent :  The  authors  wish  to  thank  Mrs.  Shirley  Ebberly,  formerly 
of  Stanford  University,  for  programming  and  carrying  out  the  computations 
euid  Phyllis  De  Fabio  for  typing  assistance. 
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a 

.96225 

9 

.97485 

10 

96604 

11 

.95586 

15 

.96694 

14 

.96279 

3.0 

2 

.99646 

3 

.98979 

4 

.98059 

5 

.96861 

6 

.95475 

6 

.99059 

9 

.98650 

10 

.96156 

11 

.97576 

12 

.96906 

15 

.96155 

5.5 

1 

.96598 

.99^1 

4 

.99337 

5 

.98920 

6 

.98416 

7 

.97852 

8 

.97174 

9 

.96446 

10 

.95658 

12 

.99313 

15 

.99129 

4.0 

1 

.98017 

2 

.96074 

4 

.99770 

5 

.99622 

6 

.99441 

7 

.99227 

8 

.96963 

9 

.96710 

10 

.96409 

U 

.96060 

12 

.97726 

4.5 

1 

.98829 

2 

.97672 

3 

.96528 

4 

.95598 

6 

.99601 

7 

.99723 

8 

.99654 

9 

.99535 

10 

.99420 

11 

.99297 

12 

.99163 
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c 

X 

-  0 

1 

2 

3 

1* 

P*  -  .99 

5 

6 

( 

8 

9 

10 

1.1 

2X 

55 

1*5 

5I* 

62 

71 

79 

87 

94 

102 

110 

.9901*1* 

.99057 

.99086 

.9908. 

.99007 

.9909- 

.99061* 

.99092 

.99009 

.9904*.. 

.99090 

1.2 

13 

19 

2U 

29 

53 

38 

1*2 

47 

,1 

5 

59 

.99251 

.9921*2 

.99170 

.99187 

.99020 
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.99031* 

.99171 

.99118 

.99077 

.9904,' 

1.5 

9 

13 

17 

20 

21* 

27 

30 

55 

36 

59 

45 

.99291 

.99172 

.9921*6 

.99051 

.99251 
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.95095 

.99049 

.99020 

.99004 

.99260 

l.U 

7 

10 

13 

16 

19 

22 

21* 

27 

29 

52 

34 

.99352 

.99105 

.99088 

.99158 

.99258 

.99361* 

.9911*9 

.99298 

.99118 

.99284 
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1., 

6 

9 

U 
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16 

18 

21 

23 

25 

27 

29 

.991*75 

.991*80 

.99176 

.991*21* 

.99266 

.99121* 

.991*27 

.99549 

.99280 

.99219 

.99167 

1.6 

5 

8 

10 

12 

11* 

16 

18 

20 

22 

24 

26 
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.99586 
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.99355 
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1.7 

1* 

7 

9 

11 

15 

15 

16 

18 

20 

22 

23 

.99091 
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.99226 
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1* 
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12 

15 

15 

17 

18 

20 

22 
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.99589 
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.99315 
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1.9 

U 

6 

7 

9 

U 

12 

14 

16 

17 

19 

20 
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.99066 
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.99547 
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.99241 

.99481 

.99176 

2.0 

5 

.991tl 

5 
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7 
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9 
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10 
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12 
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15 
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16 
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18 
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19 
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2.2 

5 
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5 
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6 
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8 
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9 
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11 
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12 
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15 
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15 
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16 
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18 
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3 
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4 
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6 
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7 
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9 

.99783 

10 
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11 
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12 
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14 
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15 
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16 

.99154 
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2 
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4 
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5 

.99258 

7 
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6 
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9 
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11 
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12 
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13 
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14 
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16 

.99745 

2.8 

2 
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4 

.99641 

5 

.99624 

6 
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8 
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9 
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10 
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11 
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12 
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14 
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15 
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2 
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4 
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5 

.99808 

6 
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7 
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8 
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10 
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11 
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12 
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15 
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14 
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2 

.99884 

5 
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4 

.99557 

6 
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7 
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8 
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9 
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10 
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11 
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12 

.99513 

13 
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2 
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5 

.99884 

4 

.99(70 

5 
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6 

.99441 

7 

.99227 

9 
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10 

.99916 

11 

.99886 

12 

.99850 

15 

.99808 

4.5 

2 
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5 
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4 
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7 
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8 
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.99555 

10 
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.8 

.9 

1.0 

14 

7 

4 

5 

2 

2 

2 

1 

1 

.77125 

.79028 

.75990 

.78400 

.75000 

.84000 
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.90000 

1.1 

12 

6 

4 

5 

2 

2 

2 

1 

1 

.75111 

.77071 

.79182 

.81469 

.78236 

.86679 

.92926 

.82975 

.92057 

1.2 

U 

6 

4 

5 

2 

2 

1 

1 

1 

.75m 

.79944 

.81902 

.84102 

.81054 

.88910 

.76420 

.85504 

.93690 

1.5 

11 

5 

5 

5 

2 

2 

1 

1 

1 

.77855 

.76555 

.75U8 

.86561 

.83506 

.90767 

.79095 

.87569 

.94988 

1.4 

10 

5 

5 

2 

2 

2 

1 

1 

1 

.77125 

.79028 

.77645 

.76077 

.85641 

.92515 

.81466 

.89494 

.96019 

1.5 

9 

5 

5 

2 

2 

2 

1 

1 

1 

.75886 

.81243 

.79912 

.78400 

.87500 

.93600 

.83568 

.91056 

.96838 

1.6 

9 

4 

5 

2 

2 

1 

1 

1 

1 

.78067 

.76024 

.81950 

.80490 

.89118 

.76917 

.85432 

.92385 

.97488 

1.7 

8 

4 

5 

2 

2 

1 

1 

1 

1 

.76158 

.78071 

.85782 

.82592 

.90527 

.78938 

.87085 

.95517 

.98005 

1.8 

8 

4 

5 

2 

2 

1 

1 

1 

1 
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.79944 

.85428 

.84102 

.91753 

.80782 

.88550 

.94481 

.98415 

1.9 

7 

4 

5 

2 

2 

1 

1 

1 

1 

.75572 

.81656 

.86906 

.65646 

.92821 

.82465 
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7 

4 

2 

2 

1 

1 

1 

1 

1 
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.85225 
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6 

5 

2 

2 

1 

1 

1 

1 

1 
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.78236 
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2.4 

6 

5 

2 

2 

1 

1 

1 

1 

1 

.78067 

.79944 
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.81054 
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2.6 

6 

5 

2 

2 

1 

1 

1 

1 

1 

.80672 

.82457 

.84550 

.92979 

.83506 
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.98477 

.99749 

2.8 

5 

5 

2 

1 

1 

1 

1 

1 

1 
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.84655 

.86431 

.76077 

.85461 

.92313 

.96565 

.98896 

.99842 
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5 

5 

2 

1 

1 

1 

1 

1 

1 

.79411 

.86578 
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.78400 
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.93600 
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5.5 

4 

2 

2 

1 

1 

1 

1 

1 

1 
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.79028 

.91765 
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.91161 

.95952 

.98521 
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4.0 

4 

2 

1 

1 

1 

1 

1 

1 

1 

.81470 

.85225 

.75990 

.87040 

.95570 

.97400 

.99190 

.99840 

.99990 

4.5 

5 

2 

1 

1 

1 

1 

1 

1  ^ 

1 

.75886 

.86578 

.79912 

.89961 

.95581 

.98391 

.99556 

.99928 

.99997 

5.0 

5 

2 

1 

1 

1 

1 

1 

1 

1 

.79411 

.89265 

.83195 

.92224 

.96875 
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.99757 

.99999 
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\ 
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.2 

.5 
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.4 
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.5 

.6 

.7 

.8 

.9 
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27 

15 

9 

6 

5 

4 

3 

5 

2 

.76740 

.76655 

.60400 

.76672 
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.82060 

.78400 

.89600 

.81000 

1.1 

24 

12 

8 

6 

5 

4 

5 

5 

2 

.75537 

.77190 

.79009 

.81030 

.85156 

.85876 

.82541 

.92290 

.84744 

1.2 

22 

7 

5 

4 

4 

5 

5 

2 

.75459 

.76895 

.76517 

.75600 

.77781 

.88917 

.85942 

.94306 

.87779 

1.5 

21 

10 

7 

5 

4 

5 

3 

2 

2 

.76996 

.76001 

.80026 

.79352 

.81367 

.77911 

.88716 

.76842 

.90227 

1.4 

19 

10 

6 

5 

4 

5 

3 

2 

2 

.75619 

.79474 

.75579 

.82581 

.84421 

.81201 

.90968 

.80092 

.92196 

1.5 

18 

9 

6 

5 

4 

5 

5 

2 

2 

.76264 

.77490 

.78855 

.85546 

.87010 

.84038 

.92787 

.82911 

.93775 

1.6 

17 

9 

6 

4 

4 

5 

5 

2 

2 

.76555 

.80444 

.81701 

.76960 

.89154 

.86475 

.94252 

.85351 

.95059 

1.7 

16 

6 

5 

4 

3 

5 

2 

2 

2 

.76457 

.77444 

.75071 

.79746 

.77415 

.88560 

.75857 

.87455 

.96049 

1.8 

15 

8 

5 

4 

5 

3 

A  2 

2 

2 

75970. 

.80077 

.77799 

.82227 

.79996 

.90540 

'  .78410 

.89267 

.96855 

1.9 

14 

7 

5 

4 

3 

5 

2 

2 

2 

.75115 

.75854 

.80261 

.84426 

.82509 

.91854 

.80728 

.90624 

.97498 

2.0 

14 

7 

5 

4 

3 

3 

2 

2 

2 

., r58o 

.78285 

.82475 

.86576 

.84575 

.95139 

.82610 

.92160 

.98010 

2.2 

13 

7 

4 

5 

5 

2 

2 

2 

2 

.78427 

.82505 

.7^008 

.75175 

.87852 

.75132 

.86552 

.94286 

.98742 

2.4 

12 

6 

4 

5 

3 

2 

2 

2 

2 

.78581 

.78881 

.79100 

.79218 

.90591 

.79049 

.89189 

.95842 

.99205 

2.6 

11 

6 

4 

5 

3 

2 

2 

2 

2 

.78057 

.82402 

.82583 

.82685 

.92736 

.82386 

.91450 

.96977 

.99498 

2.8 

10 

5 

4 

5 

3 

2 

2 

2 

2 

.76808 

.76517 

.85530 

.85569 

.94407 

.85217 

.93248 

.97805 

.99683 

5.0 

10 

5 

4 

3 

2 

2 

2 

2 

2 

.80002 

.79714 

.88011 

.88019 

.76565 

.87610 

.94675 

.96406 

.99600 

5.5 

6 

5 

3 

3 

2 

2 

2 

2 

2 

.76096 

.86066 

.80020 

.92559 

.83104 

.92068 

.97064 

.99286 

.99937 

4.0 

•  7 

4 

5 

2 

2 

2 

2 

2 

2 

.75564 

.80956 

.85474 

.75760 

.87891 

.94946 

.96387 

.99680 

.99980 

4.5 

7 

4 

5 

2 

2 

2 

2 

2 

a 

• 

.81012 

.85736 

.89515 

.80930 

.91556 

.96788 

.99115 

.99857 

.99994 

5.0 

6 

4 

5 

2 

2 

2 

2 

2 

2 

.78122 

.89385 

.98475 

.85053 

.93848 

.97965 

.99515 

.99936 

.99998 
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.1 

Tfcble  11. 

.2 
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P*  -  .75 
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.5  .6 
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.7 

.8 

1.0 

39 

19 

15 

9 

7 

6 

5 

4 

.76217 

.76311 

.79752 

.76821 

.77544 

.82080 

.83692 

.81920 

1.1 

35 

18 

12 

9 

7 

6 

> 

4 

.75271 

.78481 

.80152 

.82021 

.82463 

.86563 

.87695 

.86302 

1.2 

33 

16 

11 

6 

6 

5 

4 

4 

.76816 

.76258 

.79636 

.79376 

.76854 

.79059 

.76200 

.89697 

1.3 

30 

15 

10 

8 

6 

5 

4 

4 

.75731 

.76874 

.78145 

.83525 

.81222 

.85177 

.80514 

.92296 

1.4 

28 

14 

9 

7 

6 

5 

4 

4 

.75880 

.76845 

.75495 

.79090 

.84864 

.86568 

.84129 

.94268 

1.3 

26 

15 

9 

7 

3 

5 

4 

3 

.75400 

.76160 

.79422 

.827U 

.75929 

.89531 

.87131 

.75496 

1.6 

25 

15 

8 

6 

5 

4 

4 

3 

.76786 

.79606 

.75304 

.75845 

.79522 

.77018 

.89605 

.78851 

1.7 

23 

12 

8 

6 

5 

4 

4 

5 

.75223 

.78297 

.78776 

.79258 

.82647 

.80268 

.91632 

.81786 

1.8 

22 

11 

6 

6 

5 

4 

4 

3 

.75845 

.76059 

.81831 

.82256 

.85547 

.85109 

.95283 

.84540 

1.9 

21 

U 

7 

6 

5 

4 

4 

5 

.76146 

.79116 

.76045 

.84871 

.87666 

.85581 

.94622 

.86556 

2.0 

20 

U 

7 

6 

5 

4 

3 

5 

.76155 

.75946 

.78951 

.87141 

.89648 

.87720 

.75357 

.88474 

2.2 

18 

10 

7 

5 

4 

4 

5 

3 

.75168 

.81247 

.83878 

.80226 

.79154 

.91150 

.80244 

.91552 

2.4 

17 

9 

6 

5 

4 

4 

3 

5 

. 16702 

.79476 

.78470 

.84545 

.85516 

.93666 

.84230 

.93828 

2.6 

16 

8 

C 

5 

4 

4 

3 

5 

.77575 

.76271 

.82685 

.88007 

.87045 

.95493 

.87454 
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2.8 

15 

8 

6 

4 

4 

3 

3 

5 

.77859 

.80407 
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.75631 

.89870 

.78666 

.90045 

.96725 

5.0 

14 

7 

5 

4 

4 

5 

5 

3 

.77156 

.75328 

.77560 

.79416 

.92114 

.82003 

.92117 

.97619 

5.5 

12 

7 

5 

4 

3 

3 

5 

5 

.76682 

.83651 

.85572 

.86716 

.75758 
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.93629 

.96951 
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11 

6 

4 

4 

3 

3 

5 

5 

.78785 
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.75487 

.91579 

.82397 

.92515 

.97590 
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10 

6 

4 

4 

5 

3 

5 

5 
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.86400 

.81784 

.94732 
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9 

5 

4 

5 

5 

5 

5 

5 
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.79845 
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.78495 
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.78013 
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3 
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3 
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3 
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3 
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3 
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3 
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3 
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3 
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3 
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3 
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3 
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.99970 
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